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Abstract—Integral equations and their solutions are very 
important for various areas like physics, engineering, biology and 
other. Fredholm-Stieltjes integral equations are some of the 
integral equations. Sometimes it is possible to find exact solutions 
for some of the integral equations.The main purpose of this paper 
is to propose an error analysis algorithm for approximate solution 
of linear Fredholm-Stieltjes integral equations of second kind with 
Generalized Trapezium Method. Firstly, the theory of error 
analysis is given. Then the implementation of algorithm is done 
with Maple software and examples are given with graphics.    

Index Terms—Integral Equations; Stieltjes Integral Equations; 
Approximation Methods; Generalized Trapezium Method; Error 
Analysis for Integral Equations 

I. INTRODUCTION 

Integral equations are used in many various areas [1-5] like 
electromagnetic theory [6], thermoelectricity [7], biology, and 
mechanics [8]. Various analytic [9-11] and numeric [12-14] 
solutions have been developed in the history. Stieltjes integral 
equations are one of the big class in the integral equations and 
classified as Fredholm and Volterra. There are a few works 
about Stieltjes integral equations in the literature [15-16]. 
Fredholm-Stieltjes integral equations are one of the most used 
equations and it is possible to find some works about its 
solutions [17-19]. In this work the error analysis is done for the 
linear Fredholm-Stieltjes integral equations of second kind 
solved by the trapezium approximate solution method [20]. In 
this method, the equation is transformed to an algebraic 
equations system and this system is solved. 

II. PROBLEM STATEMENT 
Consider 
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, then the error formula can be written as 

( ) ( )( ) ( ) ( )( )

( )( ) ( ) ( )( )

20
1112

21
1112

M n
E h h x xi ii

nM
h x xi ii

ω ϕ ϕϕ

ω ψ ψψ

= − +−=

+ − −=

    (4)  

where 
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and  
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To find expanded form of (5) the norm of the equation 
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is taken, then the expression 

( ) ( )
1

c
c

f x
u x

α
≤

−
  (10) 

is obtained. 

If the first and second derivatives of (2) are taken and computed 
their norms, then the expressions  
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is received, respectively. 

After substituting (11) and (12) into  the (5) and some algebraic 
operations the expression  
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is got.  

If the same operations is done to find ( )1M x , that is, (13) and 
(14) are substituted into (6) and is done some algebraic 
operations, then the expression     
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is obtained. The quantity E(h) can be computed by replacing 
(15) and (16) in the (4). Because of the equation is satisfied at 
every quadrature point, x xi=   is taken and replaced in the (3) 
and got the equation 
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is received. If 
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is considered in (17), then the error for approximate solution is 
computed as 

( )u x u vi i i− =   (19) 

When ( )u xi  and ui  are written in (19) then the general 
equation 
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and ( ) ( ), 1 1 1u x u v u x u vj j i j j j− = − =− − −  

Substituting ( ) ( ), 1 1 1u x u v u x u vj j i j j j− = − =− − −  into (21) 
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 Replacing integers from 0 to n in the (22) results the algebraic 
equations system 
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Reorganizing (23), the expression  
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is received. The algebraic equation (24) can be written as 
matrix equation   
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It is possible to write this matrix equation briefly as A.V=E  
This equations system is solved for V values and substituted 
into the expression  
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and is arrived v(x) error function. 
To determine an error bound for computation (25) can be 
used. Writing the equation (25) as 
    ( ) ( )I A V E hλ− =  (28) 
and leaving alone V on the left hand side gives 

( ) ( )1V I A E hλ −= −  (29) 
Taking the norm and reorganizing (29) yields  
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Here the condition ( )1Aλ <  must be satisfied. Thus, an 
error bound is found for the approximated solution of the 
Fredholm-Stieltjes integral equations of the second kind. 
  

III. COMPUTATION ALGORITHM 
The computation algorithm for the error analysis is as 

follows: 
 
 

 
Fig. 1.Algorithm for omega (h) 

 
Error_General := proc (K, varphi, psi, f, a, b, lambda := 1, n := 
100, coef_of_h := 1) local alpha, Ma, Mp, Mt, Mpp, Mtt, M0, 
M1, E, l; l := 1/(maximize(K(x, s), x = a .. b, s = a .. 
b)*abs(varphi(b)-varphi(a)-psi(b)+psi(a))); if l <= abs(lambda) 
b)*Ma+2*maximize((diff(K(x, s), x))/(diff(varphi(x), x)), x = a 
.. b, s = a .. b)*Mp+maximize(K(x, s), x = a .. b, s = a .. 
b)*Mpp; if psi(x) <> 0 then M1 := maximize((diff((diff(K(x, 
s), x))/(diff(psi(x), x)), x))/(diff(psi(x), x)), x = a .. b, s = a .. 
b)*Ma+2*maximize((diff(K(x, s), x))/(diff(psi(x), x)), x = a .. 
b, s = a .. b)*Mt+maximize(K(x, s), x = a .. b, s = a .. b)*Mtt 
else M1 := 0 end if; E := (1/12)*M0*(varphi(b)-
varphi(a))*Omega(varphi, a, b, n, 
coef_of_h)^2+(1/12)*M1*(psi(b)-psi(a))*Omega(psi, a, b, n, 
coef_of_h)^2; E end proc; 
 
This algorithm is to find error for the kernel K(x, s). 

 
 

 
Fig. 2.Algorithm for V(x) 

 

IV. IMPLEMENTATION OF ERROR ANALYSIS 
Example 1: Perform error analysis for the equation 

( ) ( ) ( ) ( )12 1 12 2 23
05 4 6

u x xs x s u s d s x x x x= + − ⋅ − ⋅ +  

The equation will be solved by Maple and the results given 
in a table. Here 2 2: (x, s) xs :K x s= − > +

1 2: :
4 6

x
f x x x x= − > − − + , 3: :x xϕ = − > , : 0 :ψ = , 
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: 0.0 :a = , : 1.0 :b = , : 0.4 :λ =  for 4n = , 
b - a

h = = 0.25
4

, 

x 0, x 0.25,1 2= = x 0.50,3 =  x 0.75,x 154 = = . 
In the table 1 the approximate solutions, exact solutions and 

the determinant of the formed matrix are given for some values 
of n.   

TABLE I. APPROXIMATE SOLUTIONS, ERROR FUNCTIONS AND 
ERRORS FOR EXAMPLE 1 

n V(x) (x)
 

E(h) 

4 2
0.34953 0.60819x x+

 

2
0.14116 0.21577x x x− − +

 

11.9434829
2 

16 2
0.13999 0.24385x x+

 

2
0.1443 0.21979x x x x− − +

 

5.50002090
7 

64 2
0.05685 0.09774x x+

 

2
0.1444 0.21999x x x x− − +

 

2.25484769
4 

256 2
0.02272 0.03896x x+

 

2
0.1444 0.21999x x x x− − +

 

0.90192476
42 

512 2
0.01433 0.02456x x+

 

2
0.1444 0.21999x x x x− − +

 

0.56891947
03 

102
4 

2
0.00903 0.01548x x+

 

2
0.1444 0.21999x x x x− − +

 

0.35863055
78 

 

In the table 1, the approximate solutions, error functions, and 
errors are given for values of 4n = , 16n = , 64n = , 256n = , 

512n = , 1024n = . It can be easily seen from the table that 
when n increases how the error is decreases. It indicates that 
very close solution is found to the exact solution.  

 
Fig. 5. Graph of approximate solutions on [0, 0.03] for example 1 

In figure 5, the approximation solutions of the equation is given 
on [0, 0.03]. As it seen through the graph, when n increases the 
graphs are very close to each other. This gives a very serious 
hint about exact solution.  

     

 
Fig. 6. Graph of approximate solutions on [0, 10] for example 1 

In the figure 6, the approximation solutions of example 1 is 
given on [0, 10]. The behaviors of the graphs of approximate 
functions can be more accurate. 

Example 2: Make error analyze of the equation 

( ) ( ) ( ) ( )11 2 12 3

4 61

12

00
u x xs x s u s d x xs s x x= − − − − +   

using generalized trapezium method. 

Here 2: (x, s) 1 :K x s= − > +
1 2: :
4 6

x
f x x x x= − > − − + , 

( ): ln 1 :x xϕ = − > + , : 0 :ψ = , : 0.0 :a = , : 1.0 :b = , : 0.1 :λ =  

for 4n = , 
b - a

h = = 0.25
4

, x 0, x 0.25,1 2= = x 0.50,3 =  

x 0.75,x 154 = = . 

TABLE II. APPROXIMATE SOLUTIONS, ERROR FUNCTIONS AND 
ERRORS FOR EXAMPLE 2 

n V(x) (x)
 

E(h) 

4 2
0.0001167798 0.0001404991x x−

 

2
0.1643 0.2529x x x− − ⋅ +

 

0.21690299
19 

16 2
0.0000520625 0.0000728210x x−

 

2
0.1644 0.2529x x x− − ⋅ +

 

0.09144898
881 

64 2
0.00001990 0.00002880x x−  

2
0.1644 0.2529x x x− − ⋅ +

 

0.03486475
326 

256 2
0.0000757084 0.0000110287x x−

 

2
0.1644 0.2529x x x− − ⋅ +

 

0.01325830
180 

512 2
0.0000046879 0.0000068347x x−

 

2
0.1644 0.2529x x x− − ⋅ +

 

0.00820959
1436 

1024 2
0.0000029111 0.0000042458x x−

 

2
0.1644 0.2529x x x− − ⋅ +

 

0.00509812
9510 

      

      In the table 2, the approximate solutions, error functions, 
and errors are given for values of 4n = , 16n = , 64n = , 
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256n = , 512n = , 1024n = . It can be easily seen from the 
table that when n increases how the error is decreases. It 
indicates that very close solution is found to the exact 
solution.    

 
Fig. 7. Graph of approximate solutions on [0, 1] for example 2 

In figure 7, the approximation solutions of the equation is given 
on [0, 1]. As it seen through the graph, when n increases the 
graphs are very close to each other. This gives a very serious 
hint about exact solution.  

 
Fig. 8. Graph of approximate solutions on [0, 10] for example 2 

In the figure 8, the approximation solutions of example 2 is 
given on [0, 10]. The behaviors of the graphs of approximate 
functions can be more accurate. 

V. CONCLUSION 
In this work, a computation algorithm has been proposed 

for error analysis of the linear Fredholm-Stiltjes integral 
equations solved by trapezium approximation method [20]. 
The method has been reinforced by numerical examples. Maple 
software has been used for developing algorithm and 
computations. Some basic examples have been chosen to see 
accurate results. Very close results to exact solutions have been 
found. The method has been applied only to linear equations. It 
can be applied to other kind of Stieltjes integral equations.     
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